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Controlled Invariant Polyhedral Sets

Linear Systems Subject to Constraints

Compute a control action which is able to:

(1) drive the state of a system to an equilibrium point;
(2) satisfy at the same time a set of constraints.

Linear constraints on state, control, and/or output variables:
⇒ controlled invariance of convex polyhedra ⇒ Gx ≤ ρ.

Consider the linear, time-invariant, discrete-time system:

x(k + 1) = Ax(k) + Bu(k) + Ed(k), (1)

where k ∈ N, x(k) ∈ Ωx ⊂ R
n, u(k) ∈ U ⊂ R

m, d(k) ∈ D ⊂ R
r.

Definition (Controlled Invariance)

The set Ω ⊆ Ωx is said to be controlled-invariant
with contraction rate λ, 0 ≤ λ < 1, w.r.t. system (1)
if ∀x ∈ Ω, ∃u ∈ U : Ax + Bu + Ed ∈ λΩ, ∀d ∈ D.
⇒ a state feedback control enforces the state trajec-
tory to remain in Ω.

Ω

x1

x2
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Controlled Invariant Polyhedral Sets

Controlled Invariance of Polyhedral Sets

Many works on state feedback control schemes:

Blanchini, 1994: vertex-based necessary and sufficient
conditions + computation of the maximal set +
piecewise-linear control;

Dórea and Hennet, 1999: hiperplane-based necessary and
sufficient conditions + computation of the
maximal set;

Rakovic and Baric, 2010: parametrized controlled invariant
sets;

Gutman and Cwikel, 1984: vertex control;

Nguyen, Gutman, Olaru and Hovd, 2013: interpolation-based
control.
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Controlled Invariant Polyhedral Sets

Controlled Invariance of Polyhedral Sets

Not so many on output feedback control schemes:

Artstein and Rakovic, 2011: set-dynamics approach;

Nguyen, Gutman, Olaru and Hovd, 2011: interpolation-based
approach using non-minimal state space model;

Lee and Kouvaritakis, 2001: observer-based MPC technique;

Mayne, Rakovic, Findeisen and Allgower, 2006:
observer-based MPC techniques;

Dórea, 2009: Output Feedback Controlled Invariant (OFCI) of
polyhedral sets.
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Output-Feedback Controlled-Invariant Polyhedra

Output Feedback Control

Control problem:

Compute a control sequence u(y(k)) ∈ U such that x(k) ∈ Ωx,
∀k ∈ N.

Possible solution:

Compute an Output-Feedback Controlled-Invariant (OFCI)
polyhedral set contained in the set defined by the constraints.
⇒ no method is available for such a computation.

However...

Conditions were established under which a controlled invariant
set can also be made invariant by static output feedback. a

a
Dórea, C.E.T. (2009). Output-Feedback Controlled Invariant Polyhedra for Constrained Linear Systems. In

Proceedings of the 48th IEEE Conference on Decision and Control, 5317 − 5322.
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Output-Feedback Controlled-Invariant Polyhedra

Output Feedback Controlled Invariant Sets

Consider the linear, time-invariant, discrete-time system:

x(k + 1) = Ax(k) + Bu(k) + Ed(k) (2)

y(k) = Cx(k) + η(k) (3)

Convex polyhedra

Ω =
{

x : Gx ≤ 1
}

, U =
{

u : Uu ≤ 1
}

, D =
{

d : Dd ≤ 1
}

, and N ={
η : Nη ≤ 1

}
. G ∈ R

g×n, U ∈ R
v×m, D ∈ R

s×r, N ∈ R
q×p.

Admissible outputs

Y(Ω) = {y : y = Cx + η for x ∈ Ω, η ∈ N} = CΩ⊕N .

Possible states associated to a single measurement y

C(y) = {x : Cx = y − η, for η ∈ N} .
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Output-Feedback Controlled-Invariant Polyhedra

Output Feedback Controlled Invariant Sets

Definition (OFCI set)

The set Ω ⊂ R
n is said to be Output-Feedback Controlled-

Invariant (OFCI) with contraction rate λ, 0 ≤ λ < 1, w.r.t. system
(2)-(3) if ∀y ∈ Y(Ω), ∃u ∈ U such that Ax+Bu+Ed ∈ λΩ, ∀d ∈ D

and ∀x ∈ Ω, η ∈ N such that Cx = y − η.

In geometric terms

Ω is OFCI if ∀y ∈ Y(Ω), ∃u ∈ U : A[C(y) ∩ Ω]⊕ Bu ⊕ ED ⊂ λΩ.

Ω Ω Ω Ω

+
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Output-Feedback Controlled-Invariant Polyhedra

Output Feedback Controlled Invariance

Ω is OFCI ⇒ ∀y ∈ Y(Ω),

∃u ∈ U : G(Ax + Bu + Ed) ≤ λ1, Uu ≤ 1

∀x, η, d : Gx ≤ 1, y − Cx = η, Nη ≤ 1, Dd ≤ 1.

worst case x:

φj(y) = max
x

GjAx, j = 1, . . . , g

s.t. Gx ≤ 1, −NCx ≤ −Ny + 1.

worst case d:

δj = max
d

GjEd, j = 1, . . . , g

s.t. Dd ≤ 1.

For invariance:

∀y ∈ Y(Ω), ∃u ∈ U :

[
φ(y)

0

]
+

[
GB
U

]
u ≤

[
λ1 − δ

1

]
.

⇒ crucial inequalities ⇒ once satisfied we can assure the inva-
riance of the polyhedron Ω.
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Output-Feedback Controlled-Invariant Polyhedra

Conditions for Polyhedral OFCI

Projection over the output space:
{[

Ti Wi

]T
, i = 1, . . . ,nr

}
form a minimal generating set of Π.

Then, OFCI of Ω amounts to:

∀y ∈ Y(Ω), ∀i = 1, . . . ,nr:

[
Ti Wi

] [ φ(y)

0

]
≤

[
Ti Wi

] [ λ1 − δ

1

]
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Output-Feedback Controlled-Invariant Polyhedra

Conditions for Polyhedral OFCI

Theorem:

Ω is OFCI with contraction rate λ if and only if, ∀i = 1, . . . ,nr:

g∑

j=1

TijGjAΞj ≤




g∑

j=1

Tij(λ− δj)


+ Wi1

∀y, Ξj, j = 1, 2, . . . , g : GΞj ≤ 1, −NCΞj ≤ −Ny + 1
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Output-Feedback Controlled-Invariant Polyhedra

Conditions for Polyhedral OFCI

OFCI test via Linear Programming:

ǫi = max
y,Ξj

g∑

j=1

TijGjAΞj

s.t. GΞj ≤ 1, −NCΞj ≤ −Ny + 1

Ω is OFCI with contraction rate λ if and only if, ∀i = 1, . . . ,nr:

ǫi +

g∑

j=1

Tijδj − Wi1 ≤




g∑

j=1

Tij


λ
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Output-Feedback Controlled-Invariant Polyhedra

Online Control Strategy

Given an OFCI polyhedron Ω and assuming x(k) ∈ Ω, compute u(k) ∈
U such that all admissible x(k + 1) (consistent with the measurement
y(k)) belong to the smallest ball around the origin:

B(ε) = {x : −ε ≤ x ≤ ε} = {x : Hx ≤ ε1}.

∀y ∈ Y(Ω), compute u ∈ U such that:

H(Ax + Bu + Ed) ≤ ε1

∀x, η, d : Gx ≤ 1, y − Cx = η, Nη ≤ 1, Dd ≤ 1.

worst case x:

ϕj(y) = max
x

HjAx, j = 1, . . . , 2n

s.t. Gx ≤ 1, −NCx ≤ −Ny + 1.

worst case d:

γj = max
d

HjEd, j = 1, . . . , 2n

s.t. Dd ≤ 1.

Control action (computed online)

u(y(k)) = argmin
u,ε

ε

s.t.





GB 0

U 0

HB −1





[

u
ε

]

≤





1 − φ(y(k)) − δ

1
−ϕ(y(k)) − γ



 .
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Dynamic Output Feedback Control

State Estimators

Main goal: reduce the uncertainty on x(k) given y(k).

Two possible approaches:

Set-Valued Observers: Based on set-membership techniques

At each time instant, the set of states which could generate the mea-
sured output is computed online and an optimal state is selected a ⇒
heavy online computation

a
Shamma, J. S. and Tu, K. Y. (1999). Set-Valued Observers and Optimal Disturbance Rejection, IEEE Transactions

on Automatic Control 44(2): 253-264.

Set-Invariant Estimators: Based on invariant polyhedral sets

Full-order state observers with limitation of the estimation error. b ⇒
conditioned-invariant sets.

b
Dórea, C. E. T. and Pimenta, A. C. C. (2005). Design of Set-Invariant Estimators for Linear Discrete-Time

Systems, Proceedings of the 44th IEEE Conference on Decision and Control, Seville, Spain, pp. 7235-7240.
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Dynamic Output Feedback Control

Conditioned Invariant Sets

"Dual"of controlled-invariant sets.

Possibly nonlinear output injection.

Conditioned Invariance - In geometric terms

∀y ∈ Y(Ω), ∃v(.) : A[C(y) ∩ Ω]⊕ v(.)⊕ ED ⊂ λΩ.

Relationship with Output Feedback Controlled Invariance:

Ω is OFCI only if it is simultaneously controlled invariant and
conditioned invariant.

A dynamic output feedback compensator structure allows the
construction of a polyhedral set satisfying this necessary
condition.
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Dynamic Output Feedback Control

Dynamic Output-Feedback Compensator

Full-order, possibly nonlinear, compensator:

z(k + 1) = v[z(k), y(k)], u(k) = κ[z(k), y(k)]

⇒ system + compensator ⇒ extended state space formulation:

[
x(k + 1)
z(k + 1)

]
=

[
A 0

0 0

] [
x(k)
z(k)

]
+

[
B 0

0 I

] [
u(k)
v(k)

]
+

[
E

0

]
d(k),

[
y(k)
z(k)

]
=

[
C 0

0 I

] [
x(k)
z(k)

]
+

[
η(k)

0

]

or

ξ(k + 1) = Âξ(k) + B̂ω(k) + Êd(k),

ζ(k) = Ĉξ(k) + η̂(k).
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Dynamic Output Feedback Control

OFCI Polyhedron w.r.t. the Augmented System

Pair of polyhedral sets (V , S)

S = {x : Gsx ≤ 1} ⊆ V = {x : Gvx ≤ 1} ⊆ Ωx;

S is conditioned-invariant λs-contractive, V is controlled-invariant
λv-contractive.

Proposition

Ω̂ =

{[
x
z

]
:

[
Gv 0
Gs −Gs

] [
x
z

]
≤

[
1
1

]}
⇔ {ξ : Ĝξ ≤ 1}

is simultaneously controlled and conditioned-invariant.

Consequence:

x(k) ∈ V , ∀k ⇒ Gvx(k) ≤ 1 ⇒ constraints satisfaction;

e(k) = x(k) − z(k) ∈ S, ∀k ⇒ Gs[x(k) − z(k)] ≤ 1 ⇒ bounded “esti-
mation error”.
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Dynamic Output Feedback Control

Set of Admissible Initial States

[
Gv 0
Gs −Gs

] [
x(0)
z(0)

]
≤

[
1

1

]

x(0) ∈ V ∩ (z(0) ⊕ S)

Consequences:

The larger S , the larger is the set of admissible initial states.

Observer-based MPC strategies require small S in general

The OFCI approach is likely to result in much larger sets of
admissible initial states.
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Dynamic Output Feedback Control

Proposed Control Strategy

Linear State Estimator:

z(k + 1) = Az(k) + Bu(k) + L[y(k) + ŷ(k)], ŷ(k) = Cz(k).

Dynamics of the estimation error e(k) = x(k) − z(k):

e(k + 1) = (A− LC)e(k) +
[

E −L
] [ d(k)

η(k)

]
= Aee(k) +Eede(k).

λ-contractive set w.r.t. e(t)

Sm λm-contractive and such that the pair (V , Sm) forms an OFCI
polyhedron.

If Sm is conditioned-invariant, then, so is αmSm, ∀αm > 1
with a guaranteed contraction rate λm.
Scale Sm by the largest factor αm > 1 such that (V , αmSm)
still forms an OFCI set ⇒ enlargement of the set of admis-

sible initial states.
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Dynamic Output Feedback Control

Proposed Control Strategy

Offline computation of the sequence of homothetic sets α(k)Sm

visited by e(k) until reaching the smallest set Sm ⇒ progressive
reduction of the uncertainty on x(k)

u(k) = argmin
u,ε

ε

s.t.





GB 0

U 0

HB −1





[

u
ε

]

≤





1 − φ(k) − δ

1

−ϕ(k)− γ





{

φj(k) = maxx GvjAx, j = 1, . . . , gv

ϕj(k) = maxx HjAx, j = 1, . . . , 2n

s.t.

[

Gv

Gs

]

x ≤

[

1

α(k)1 + Gsz(k)

]

,−NCx ≤ −Ny(k) + 1

Sm

x
1

x
2

W
x

V

Sαm

!(k)
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Dynamic Output Feedback Control

Numerical Example
(Subramanian et al., 2017):

x(k + 1) =

[

1 1
0 1

]

x(k) +

[

1
1

]

u(k) +

[

1 0
0 1

]

d(k)

y(k) =
[

1 1
]

x(k) + η(k)

State and control constraints:

Ωx = {x : −50 ≤ xi ≤ 3, i = 1, 2.} and U = {u : |u| ≤ 3} .

Bounds for disturbances and measurement noise:

D = {d : |di| ≤ 0.1, i = 1, 2.} and N = {η : |η| ≤ 0.1} .

V is the maximal controlled-invariant set (it is not OFCI) contained in
Ωx, with contraction rate λv = 0.99.

S = αmSm, where:

Sm is the mRPI set with contraction rate λm = 0.9;
αm = maxα such that the pair (V , αmS) is OFCI (αm = 17.1).

{ᾱ(k)}6
k=0 = {17.1, 8.5263, 4.4651, 2.5414, 1.6301, 1.1985, 0.9940}

x(0) =
[

3 −18.33
]T

and z(0) =
[

2 −15
]T

.
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Dynamic Output Feedback Control

Numerical Example

The invariant set associated to the estimation error in
(Subramanian et al., 2017) is given by {e : |e1| ≤ 0.7, |e2| ≤ 1.4}

⇓
Much smaller set of admissible initial states
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Constant Reference Tracking with Disturbance Rejection

Constant Reference Tracking

Linear system with the same number of inputs and outputs:

x(k + 1) = Ax(k) + Bu(k) + Ed(k), (4)

y(k) = Cx(k). (5)

Convex polyhedra

V =
{

x : Gvx ≤ 1
}

(controlled-invariant), U =
{

u : Uu ≤ 1
}

, and D ={
d : Dd ≤ 1

}
.

Assumption:

System (4) is subject to slowly-varying disturbances:

⇒ d(k + 1)− d(k) = d∆(k) ∈ D∆ = {d∆ : D∆d∆ ≤ 1}.

Goal

∀x(0) ∈ V , compute u(k) ∈ U, k = 0, 1, . . ., based on the available mea-
surements such that x(k) ∈ V , ∀d(k) ∈ D, ∀k ≥ 0, and lim

k→∞

y(k) = r.
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Constant Reference Tracking with Disturbance Rejection

Constant Reference Tracking: Disturbance Model

Augmented form:
[

x(k + 1)
d(k + 1)

]

︸ ︷︷ ︸
x(k+1)

=

[
A E
0 I

]

︸ ︷︷ ︸
A

[
x(k)
d(k)

]

︸ ︷︷ ︸
x(k)

+

[
B
0

]

︸ ︷︷ ︸
B

u(k) +

[
0
I

]

︸ ︷︷ ︸
E

d∆(k),

y(k) =
[

C 0
]

︸ ︷︷ ︸
C

[
x(k)
d(k)

]

or x(k + 1) = Ax(k) + Bu(k) + Ed∆(k),

y(k) = Cx(k).

⇒ Model commonly used in offset-free tracking Model Predictive
Control (MPC);
⇒ Account for the effects of model mismatch and persistent distur-
bances acting on the plant;

Assumption

The pair (A, C) is observable and nd = m.
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Constant Reference Tracking with Disturbance Rejection

Extended State Observer

Linear Observer (system state + disturbance state):

z(k+ 1) = Az(k)+Bu(k)+L[y(k)− ŷ(k)], ŷ(k) = Cz(k), L =

[
Lx

Ld

]
.

Dynamics of the estimation error e(k) =

[
ex(k)
ed(k)

]
=

[
x(k)− x̂(k)

d(k)− d̂(k)

]
=

x(k)− z(k):

e(k + 1) = (A − LC)e(k) + Ed∆(k) = Aee(k) + Ed∆(k).

⇒ compute an mRPI set Sm λm-contractive.
⇒ Sex = projex Sm: projection of Sm onto the plant state estimation

error space.

Given an OFCI pair (V , Sex ):

⇒ scale Sex by the largest factorαex > 1 such that the pair (V , αexSex)
remains OFCI.
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Constant Reference Tracking with Disturbance Rejection

Configuration of the Tracking Control Strategy

B

E

z -1 C

A

x(k+1) x(k)

y(k)

d(k)

B z -1 C

A

z(k+1) z(k)
y(k)^

L

__

__

__

_

u(k)

Target
calculation

Linear
Optimization

r

d(k)
^

Plant

(Extended)
State Observer

xss

d(k)
^

x(k),^

__

_ _
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Constant Reference Tracking with Disturbance Rejection

Tracking Target Calculation

Assumption: The following square matrix is nonsingular:

Mss =

[
A − I B

C 0

]
.

The pair (xss,uss) is uniquely determined from the solution of
the steady-state equation:

[
xss

uss

]
= M−1

ss

[
−Ed̂ss

r

]
, (6)

where d̂ss is the estimated disturbance in the steady-state of the
observer.
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Constant Reference Tracking with Disturbance Rejection

Control Action Calculation

Given an OFCI pair (V, αexSex), and assuming:

x(k) ∈ V ,

e(k) ∈ α(k)Sex ,

compute u(k) ∈ U such that all admissible x(k + 1) (consistent
with the measurement y(k) and the bounds on the estimation
error) belong to the smallest ball around the target xss:

B(ε, xss) = {x : −ε ≤ x − xss ≤ ε} = {x : H(x − xss) ≤ ε1}.
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Constant Reference Tracking with Disturbance Rejection

Control Action Calculation

worst case
[

x d
]T

row by row of
Gv:

φj(k) = max
x,d

Gvj

[

A E
]

[

x
d

]

s.t.











Gvx ≤ 1, Cx = y(k), Dd ≤ 1

Gs

[

x − x̂(k)

d − d̂(k)

]

≤ α(k)1.

worst case
[

x d
]T

row by row of H:

ϕj(k) = max
x,d

Hj

[

A E
]

[

x
d

]

s.t.











Gvx ≤ 1, Cx = y(k), Dd ≤ 1

Gs

[

x − x̂(k)

d − d̂(k)

]

≤ α(k)1.

{

GvBu ≤ 1 − φ(k) and Uu ≤ 1 ⇒ for invariance

HBu − ε1 ≤ Hxss − ϕ(k) ⇒ for optimization strategy

Control action (computed online)

u(k) = argmin
u,ε

ε

s.t.





GvB 0

U 0

HB −1





[

u
ε

]

≤





1 − φ(k)

1
Hxss − ϕ(k)



 .
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Constant Reference Tracking with Disturbance Rejection

Numerical Example

x(k + 1) =

[

1 1
0 1

]

x(k) +

[

0 0.5
1 0.5

]

u(k) + I2d(k), y(k) = I2x(k)

State and control constraints:

Ωx = {x : |xi| ≤ 5, i = 1, 2.} U = {u : |ui| ≤ 0.3, i = 1, 2.} .

Bounds for disturbances and their (maximal) one step changes:

D = {d : |di| ≤ 0.1, i = 1, 2.} and D∆ = {d∆ : |d∆i
| ≤ 0.01, i = 1, 2.} .

V ⊆ Ωx is the maximal controlled-invariant set (it is OFCI), with con-
traction rate λv = 0.99.

Sex = projex Sm, where:

Sm is the mRPI set with contraction rate λm = 0.5;
αex = maxα such that the pair (V , αexSex ) is OFCI (αex = 26).

ex is supposed to reach and remain in the set Sex after k̄m = 5 steps

x(0) =
[

x(0) d
]T

=
[

0 0 0.09 −0.05
]T

and z(0) =
[

x̂(0) d̂
]T

=
[

5 −5 5 −5
]T

.
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Constant Reference Tracking with Disturbance Rejection

Numerical Example

⇒ d is allowed to change d∆ = ±0.01;
⇒ track r1 = 1 and r2 = −0.2 with
d1 = 0.09 and d2 = −0.05;
⇒ after 20s, r1 = 4 and r2 = 0;
⇒ after 35s, d1 and d2 increment
d∆i

= 0.01.

0 5 10 15 20 25 30 35 40 45 50

Time (sec)

-0.5

-0.2
0

0.5

1

1.5

2

2.5

3

3.5

4

4.5
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Conclusions

Conclusions

Characterization of output feedback controlled invariance of sets;

Necessary and sufficient conditions for polyhedral OFCI;

Observer-based dynamic controllers with larger sets of admissi-
ble initial states compared to MPC approaches;

Design of output feedback controllers guaranteeing state cons-
traints satisfaction;

Constant reference tracking and disturbance rejection under cons-
traints via output feedback.

Points to be explored:

Computation of an explicit output feedback control law1 with re-
duced complexity.

Use of OFCI sets in output feedback MPC schemes.

1
Dantas, A.D.O.S., Dantas, A.F.O.A. and Dórea, C.E.T. (2018). Static output feedback control design for

constrained linear discrete-time systems using data cluster analysis. IET Control Theory & Applications.
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Conclusions
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