Analysis and Control of Multi-timescale Modular Directed

Heterogeneous Networks

Université Paris Saclay

Anes Lazri, Elena Panteley, Antonio Loria

Laboratoire des signaux et systémes

January, 2024

Anes Lazri, Elena Panteley, Antonio Loria (L2S) January, 2024



Overview

@ Generalities on modular networks
© Problem formulation

© Time-scale separation

Q Main result

© Application to network stabilization

@ Conclusion

January, 2024

Anes Lazri, Elena Panteley, Antonio Loria (L2S)



Generalities on modular networks

Anes Lazri, Elena Panteley, Antonio Loria (L2S) January, 2024



Generalities on modular networks

We study the collective behavior of heterogeneous nonlinear systems, interconnected over

generic directed graphs, in the scenario that, due to the nature of their interconnections, the
agents self-organize in modules.

P

Figure: Schematic representation of a directed modular network composed of m modules My, each
constituting a sub-network
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Generalities on modular networks

Such networks know various applications such as power networks or opinion dynamics.

@ The agents of the same module tend to find a local
consensus very quickly before synchronizing with
the rest of the network at a slower pace Romeres,
Dérfler, and Bullo 2013; Varma, Morarescu, and
Hayel 2018.

Figure: Original network and its
corresponding connected reduced order
network
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Problem formulation
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Problem formulation

We are interested in investigating sufficient conditions to guarantee global asymptotic
stability of the origin for modular networks, but also in devising control design strategies
to stabilize the origin. More precisely, we consider the nonlinear dynamics,

).(k,i = fk7,'(Xk7,') + Uk, i, k < m, | < Nk, x € R™. (1)

Assumption (regularity and passivity)

For each pair (k, i), the function f ; in (1) is continuously differentiable and admits the origin
as a unique equilibrium. In addition, all the units (1) are semi-passive with respect to the input
uk,; and the output xy j. That is, there exist positive definite and radially unbounded storage
functions V) ;, positive constants py j, continuous functions Hy ;, and non-negative continuous
functions vy ; such that _

Vi,i(Xk,i) < Xiitiii — Hii(Xk,i)

and Hy i(xk,i) > ¥u.i(|xk,il) for all |xk.il > pk.i-

.
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Problem formulation

Assume the network’s topology invariant. In compact form, for L := L' + LE, the input
u:=—c'[l'® I, ]x — oF[LE @ I, ]x and,

x = f(x) — o' [L' @ In,]x — oE[LE @ I, ]x, (2)

where L' = blockdiag[ L] L} --- L], Lj e RNNe k< mand LF=1L-1L

Assumption (topology)

Each module My individually forms a strongly-connected sub-network; its topology is captured
by the Laplacian L,. Furthermore, both the overall network and the network of modules,
contain a spanning tree. In addition, the interconnection strengths satisfy o€ |LE| < o' |L
where | - | denotes the induced L, norm.
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Time-scale separation
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Time-scale separation: intra-modular dynamics

Consider the kth module containing N nodes, and consisting in a connected (sub)network with
Laplacian LL. The latter admits the Jordan’s decomposition

Ll = Vi [g /S,k] e Vie=[ln, Qi (3)

Then, we introduce the new variables ¢, € R™ and &, € R™Nk—1

G| _

€k
where X, = [X,I1 ka2 . ka’Nk]T denotes the vector of states corresponding to all the nodes
in the kth module.

[Vl;/r( ® Inx]
[Qf © In,]

Xk
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Time-scale separation: intra-modular dynamics

The state variable (, may be regarded as the weighted average of the kth module’s nodes’
states while & is a projection of the synchronization errors, e, € RNk, that is,

e =Xk — [In, @ InJCk = [Qk ® In, k- (4)

Hence, £ = 0 if and only if the nodes in the kth cluster synchronize with the dynamics of the
corresponding averaged system.

Let CER™, C:=[¢ -+ (h]" and € € RN ¢=[¢]F ... ¢1]T, for the whole network we

have
9-(5)-

where P and Q are defined as P! := blockdiag<,{vik} ® In,, Q' := bIockdiangm{Qz} ® In,
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Time-scale separation: intra-modular dynamics

Hence, differentiating on both sides of (5) we obtain

£=—o' (N &I+ H((,6),

Figure: Original network and its
corresponding connected reduced order
network

where
o —A':= blockdiag,<,{A}} is Hurwitz,
o £(¢,0) = Pf(P¢) — oEPY[LE ® I, ]P¢ — slow "average" dynamics
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Time-scale separation

of
oA

the lowest eigenvalue of A!. Then, we introduce the second parameter € := peg = ﬁ so the

Let e := 1/0F and the ratio of influence between and within modules, u := where A is

system may be written in the form,

).(e = fe(Xea m, g) (73)
6E7;/ = _/_\EU + EEfn(XFH mn, 5) (Yb)
elé = _7\I§+€/f£(xe7777§)' (7C)

The system (7) is in standard singular perturbation form Khalil 2002, albeit with three
time-scales.
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Main result
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Main result

Consider the networked system (2) under Assumptions 1 and 2. Assume that for any R > 0,
there exists a positive-definite decrescent, once continuously differentiable, function
Ve : R" — R>¢ and positive constants q1 and c¢1, such that

oV, ,
7fe CRAS] S _ @
2 (0,0.0) < —aibel ©)
aV,
S| < abel (©)

for all x € Bg. Then, there exist cE* > 0 and o!" > 0 such that, for all o' > o!" and
of > oF", the origin for (2) is globally asymptotically stable.

.
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Sketch of the proof

Lemma (corollary of Theorem 11.3 in Khalil 2002- 1)

Consider the nonlinear autonomous singularly-perturbed system,

x = f(x,z) (10a)
€z = Az + eg(x, z), (10b)

where x € R™, z € R™ and A € R"™*"= Hurwitz. Assume that the equilibrium (x,z) = (0,0)
is an isolated equilibrium point and, for any R > 0, f and g are Lipschitz for all (x,z) € Bg,
with Bg := {(x,z) € R™*" : |x|2 + |z|> < R?}, with a Lipschitz constant L(R).

Let L1(R) > 0 and Ly(R) > 0 Lipschitz constants satisfying on Bg:

lg(x,2) —g(0,2)| < La(R)|x|, |&(0,2)| < L2(R)|z]. (11)

4
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Sketch of the proof

Lemma (corollary of Theorem 11.3 in Khalil 2002- II)

In addition, assume that for each R > 0 there exist positive definite decrescent functions V' and
W : Bg — Rxq, positive constants oy, oy, [3, as well as positive-definite functions
¢1: Br — R and ¢p : Bg — R, given by ¢1(x) = |x|, ¢2(z2) = |z|, such that, for all
(x,z) € Bg,
ov
af(x, 0) < —a1¢>1(x)2, (12)
ow
EAZ < —042¢2(Z)27 (13)
ov
S [ (x:2) = f(x,0)]] = Bor(x)¢a(2). (14)
Then, for all € < €* := % > 0, the origin of (10) is asymptotically stable and
attractive to all trajectories that are contained in Bg.
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Sketch of the proof

The proof consists in applying Lemma 2 twice consecutively. One first time to show global

asymptotic stability of the origin for the inter-modular dynamics on the synchronization
manifold,

Xe = fe(xe,,0) (15a)
1 = —oeNEn 4 £,(xe, 1, 0), (15b)
and a second time for the intra-modular dynamics
y ="y, (16a)
§=—0'N¢+g(y,9), (16b)

where y = [x] 1T]T,

8e(v,€) = Fe(IW' @ I]y, €),

o fe(Xe7777£)
6/(-)/75) T _()'E/_\ET] + ﬂ7(Xe7777§)v .
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Application to network stabilization
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Stabilization via control nodes added to modules

Consider the networked system
X = F(x) = o'[L' ® ln]x — oF[LE ® h]x + v(x, xc), (17)

under Assumptions 2 and 1, and the dynamic control extensions

N

MNet) = Feeri (Khmes) = 0D a1 (KkoNerj — Xii)- (18)
i=1

. . .. . Ng+N;, .
Assume, in addition, that the origin for xe = > ;. ; Zi:kl * Wor Vekifi,i(xe), is globally
asymptotically stable and there exists a continuously differentiable Lyapunov function
Ve : R" — Rsq satisfying (8)-(9). Then, there exist ot~ > 0 and ¢! > 0 such that, for all
ol > o!" and oF > oF", the origin for (17) system is GAS.
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lllustrative example |

Consider a network of N = 24 Lorenz oscillators with state x ; = [xx,i Y«,i zk,,-]T and dynamics
—Okji Ok 0
Xii = Hii(xi,i)xkis Hii=| pei  —1  —xki

0 Xki —Bk,i

where oy i, Bk i, pk,i are positive constants. Let these systems be interconnected over a
strongly connected directed network that can be compartmentalized into m = 3 modules
containing each Ny = 8 nodes. To enforce global asymptotic stability of the origin, we set

. T
Xko = [ — axko —ayki 0], (19)
Vk,i = —O'I(Xky,' — Xk79) Vie {1,3} (20)
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lllustrative example |

vk,i =0 forall i € {2,4,5,6,7,8}. Then, we obtain the modified averaged dynamics,

—0* — aw; o 0
Xe = p* —owl —w;  —wiXer | Xe, (21)
0 Wi Xel —pB*
where
m  Ng m Ny
= Z Z Wk VekiOk,is pr = Z Z Wek VekiPk,is
k=1 i=1 k=1 i=1
m Ny m  Ne+N,
Wi =0 wikvik, W =) WakViki-

k=1 i=1 k=1 i=Ny+1

A straightforward computation, using the Lyapunov function V(xe) = 1||xe|2, shows that
* 2
V(xe) < —q||xe||% with g > 0, for any a > max{(p +o°) 20" (0"40") —21y

Py 9
w3 2w;
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lllustrative example |
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Figure: Trajectories of the closed-loop system in . . . .
L o . Figure: Trajectories of the closed-loop system in

logarithmic time scale. In this simulation we used loarithmic time scale. with o! — 5000. 0 — 300

o/ = 5000, 0F = 300 & ’ = U, = U
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lllustrative example |

10 107 102 10 10° 10t
time [s]
Figure: Trajectories of the closed-loop system in logarithmic time scale, with o/ = 5000,
]
of =12470 > JI%. Since the difference between o and o is relatively small, we observe only a
two-time-scale behavior. First, the trajectories synchronize, and then, they converge to zero.
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Stabilization via added control modules

Consider the networked system x = F(x) — o/[L' ® I,]x — 0F[LE & I,]x + v(x, x), under
Assumptions 1 and 2, and the dynamic control extensions

N

m-+k’
. I
Xm+k!,i = m+k’,i(Xm+k’,i) — 0 § bm+k/,i,l(xm+k’,i - Xm+k/,l)
I=1
m N
E 11
= 0ED Y Al iy ey Kimrk i = X))
k=1 j=1
Assume, in addition, that the origin for xe = m+m P kl Wek Vekifi,i(Xe), is GAS and there

exists a continuously differentiable Lyapunov funct:on satisfying (8)- ( ). Then, there exist
>0 and " > 0 such that, for all ¢! > o!" and o > oE", the origin for (17) system is
GAS.

— = = = Sl
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[llustrative example |l

Let m’ denote the number of new modules. For each k' < m’, the dynamics of the jth node
within the k’th module is given by

Nm+k’
: I
Xmepk! i =TIkt i(Xmpkt i) — O Z bkt it (Xmtk i — Xm-k 1)
=1
m Nk
E "
—of> > ikt i) (ko) Xt k0,7 = Xkj) (22)
k=1 j—1

where the coefficients by, 4 j/ represent internal interconnections within the (m + k’)th
module, i.e.,

1 if there is an edge from (m+ k', i) to (m+ k', /)

btk il = . .
m+k, 0 if otherwise.

. . / N .
Correspondingly, the couplingvy ; = —oE S0 _; S+ ko 1/ (Xk,i — Xm+k ;) is added to the
existing nodes in the original network.
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[llustrative example |l

The value of the control parameter & may be computed as for the previous example.

60 T T T T
40
20

0

Xkyi

60 | ! !
10 10 1072 10 10°
time [s]

Figure: Trajectories of the closed-loop system in logarithmic time scale, with o/ = 9000, 0f = 900. A
three-time-scales behavior is appreciated, in view of the large discrepancy between o/ and oF.
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Conclusion
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Conclusion

@ The study can be extended to the analysis of orbital stability for directed modular
networks in the context of synchronization of oscillators.

@ An important extension yet to establish concerns networks under output coupling and
output synchronization.
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