Quantum mean-field filtering and control

Sofiane CHALAL, Nina H. AMINI, Gaoyue GUO
CentraleSupélec, Université Paris-Saclay

February 15, 2024

iane CHALAL, Nina H. AMINI, Gaoyue GUO (Centrale$ Quantum mean-field filtering and control



Contents

° Context

© Classical MFG and MFC

© Quantum Feedback Control

@ Mean-Field Belavkin equation

e Application to quantum state preparation

© Further research

ne CHALAL, Nina H. AMINI, GUO (Centrale¢ Quantum mean-field fi nd control February 15, 2024



Main Motivation

@ Physical motivation :
o Mean-field approximation to reduce the complexity.
@ Mathematical motivation :
e Mean-field Games (MFG) and Mean-field Control (MFC) for quantum particles ?
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MFG and MFC

@ Initiated by Lasry-Lions and independently by Huang-Caines-Malhamé in 2006.

@ Theory to analysis differential games with very large number of agents.

Remark : In this talk agent = player = particle.

ina H. AMINI, Gaoyue GUO (CentraleS Quantum mean-field filtering and control February 15, 2024



Classical MFG and MFC

N-particles systems

@ N-controlled particles each one taken value in space state X = R, [0, 1], M, ...
@ The space state of the system is the Cartesian product ¥V = X x X x --- x X
@ A system of SDE gives the dynamics of each particles.

dX;7 = b(X g, 0 )dE+ o (X)) AW, 1< <N
1 & _ _
I)[u..\ — N ; (5X2L,k, I//”' N _ (I/lz/. N )0§t§T, ug — 'U/t(Xtu] 7])

@ Provided some set U of admissible strategies and a time horizon T', agent j aims to
minimize its cost U 3 u +— J;(u) € R with J;(u) = T (u, 7" ):

Jj(u) :=E [/ FOXG ud o ydt 4 g(X 0|
0

i—1 1 N :
o u; = (u',...,w' " u, /T ... u") and £, g are some cost functions.
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N-Particles Problem

@ Namely, u* := (u*!,...,u*") € UV is said to achieve a Nash equilibrium if

*

j(u*,j’l)u*,N) — Jrelg{j(u,f/“j’N),

where u} := (wol, o u I g I ),

@ Problem : Very difficult to solve !
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MFG and MFC

Propagation of chaos

@ Ansatz:

e When N — oo the particles becomes independent.

Law(th,...,XtN)%l/t®--'®Vt~

o We can focus on the typical particle :

dXt = b(Xt, Ut, L(Xt))dt =+ O'(Xt)th.

iane CHALAL, Nina H. AMINI, UO (Centrale¢ Quantum mean-field filt and control February



Classical MFG and MFC

MFG Problem

@ The MFG problem is defined as follows : find a pair (i, v) such that denoting
by X the solution of :

dXt = b(Xt, ﬂ(Xt), l/t)dt + U(Xt>th

XO = Z9-

o theny; = E(Xt), and vVt € [0, 7]
j(ﬁ(o), z/(o)) < J(u(o)7 z/(o)), Yu € U.

@ From the MFG problem solution, get an approximation for N-particles
problems.
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Classical MFG and MFC

Main ingredients

@ Differential games — Continuous time + Control by Closed-Loop Feedback
© Weak interaction — Mean Field Approximation — Typical particle.
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Quantum Mechanics in 1 Slide

@ Two concepts in quantum mechanics :
@ Superposition
@ Entanglement
@ Evolution and measurement
@ Evolution of state : Schrédinger equation
© Measurement : Born Rule
@ Main difficulties :
@ We can’t separate dynamics of each particle.
@ It’s not clear what can be the empirical measure in quantum setting.
© We can’t measure without distrub the system and continuously observing freeze
the dynamics.
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Quantum Feedback Control

@ Should cons

ider open quantum systems subject to indirect measurements.

@ The formalism was invented through the pioneering work of Belavkin in the

’80s.

@ The mean-field extension as well as Quantum MFG was done in 2020 by

Kolokoltsov.
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Figure: Synoptic of Quantum Feedback Control
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Quantum Feedback Control

Continuous monitored N-Quantum particle systems

@ Focus on finite space state i.e X = {1,...,d} endowed with Borel measure
o In this case H := L*((¥,);C) = C*
o The state of the system is the Tensor product HY = H®@ H--- @ H

@ The state is given by density matrix
o pN € SHY) = {p€ My (C)s p = 0,tr(p) =1,p=p' }

@ Evolution of Schrodinger-Belavkin equation :

N
. 1
dp’ = —i[H, p{"]dt + (LjPiVL; - §{L;Lj,piv})dt
=1

N
+ vy (P + Lyl —tr (1 + 1])p) ol ) an?
j=1

@ Signal process :

dyy = dwi + \/tr((L; + LhHpM)dt, 1<j < N.
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Quantum Feedback Control

Instruments and Operators

H =3 (H; +u(Y/)H;) + Y, Aij/N.
[C,D] = CD — DC and {C, D} = CD + DC
Ci=1g-9C® -0l

n € [0, 1] efficiency measurement.

H; = H; : Free hamiltonien, H = H' : Controlled Hamiltonian
u scalar control function.

Associate measurement operator L € M n (C) for each particle.

Pairwise interaction between particles : A of Hilbert-Schmidt form with kernel
ai.e,

A: L*(X%C) —» L*(X%C)
Af((@)) = [ aley o’ )16 Inldauldy'), ¥ € LR C),

x
a(l,U, k' k) = a(l',,k, k') and a(l,',k, k') = a(l, I/, k, k)
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Quantum Feedback Control

Quantum propagation of chaos

@ Ansatz:

e The density matrix in QM plays same role of classical distribution

AR R 2

Mean-Field Belavkin equation :
. 1
= (HlH +uOH + A™ 3 + (DLt = L L) )

+ \/ﬁ(%LT + Loy —tr((LJrLT)%)%)th’ M
dY; = dW, + /atr (L + L1)y,))dt

where
o my :=E[y],
® Yo = po € S(H),
o A1) =Y o a(l,lU'; kK )Ym(k, k'),
e nel0,1].
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Mean-Field Belavkin equation

Theorem

Theorem (Well posedness and propagation of Chaos)

LetT >0, U > 0, and let u : S(H) — [~U, U] be bounded and Lipschitz, i.e.

lu(p) —u(p)| < Kllp—p'

, with k > 0. Then (1) is well posed and valued in S(H).

Furthermore forn = 1, there exists a constant ¢ = ¢(||A||, | H||,||L||) such that

Elay(t)] < e <aN(0) +

5)

@ Where || - || corresponds to any matrix norm.
o an(t) :==an(t)=1—tr(vip))
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Mean-Field Belavkin equation

Sketch of proof

Well-posdness :
e Foreach £ € C([0,7],S(H)), consider

. 1
df = —i[Ff vfldt + (DrfLF = S{LTL.Af} )at
+VA(WELT + Laf = tr((L + LYsf)rf ) dws, @)

where Ff = H +uH + A%,

@ The control u in open-loop i.e u(75) =
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Mean-Field Belavkin equation

Sketch of proof

Lemma (Linear Belavkin equation)

The following linear equation is well-posed in set of matrices and preserve positivity

- . . . 1 -
&3f = —ilFf,3flat + (LAFLT - §{LTL,%§})dt

+Vi(F LT+ 13 )av,,
Moreover equation (2) has unique solution 'yf = tr’;’;) a

4Set of nonnegative nonzero matrices is invariant for 4, which implies that tr(5) > 0, V¢

Lemma

Equation (2) with u; = u(v,), u € C', and 7§ = ~o € S(H) has a unique strong
solution.
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Mean-Field Belavkin equation

Sketch of proof

@ From the existence of the family of equations parametrized by &, define the
mapping = : C([0, 7], S(H)) — C([0,T), S(H)) by Z(€) := (E[;])ozi<r-
@ The process ¥ corresponds to the solution of (1) if and only if m = Z(m).

@ The existence and uniqueness by showing that the mapping = has a unique fixed point
i.e the map = is a contraction with respect to the uniform norm on C([0, 7, S(H)).
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Mean-Field Belavkin equation

Sketch of proof - Part 2

Propogation of chaos :

The main measures of the deviation of the solutions of (p{¥);>0, to N-particle
systems from the product of the solutions to the MF-equation are the following :

EL(t) =1 —tr(~]p})

Where, J C Jy :={1,..., N} we denote
PJ = tTJN/J(PN) and '7J = ®jeJ’Y

Lemma (Pickl (2011) - Kolokoltsov (2022))
E[£4(1)] < [JElaw (®)
where,

anj(t) =1—tr(yupl) =1 —tr(vlp))

here, 4 =1® - @7 ---QL
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Mean-Field Belavkin equation

Sketch of proof - Part 2

@ Very briefly use It6 formula : v := 7, L := L;. By Itd’s formula, get
b Y j- BY g
day(t) = —tr(dpv,) — tr(p dv,) — tr(dp dv,).
= (PV + PPydt + > PVawf,

1 .
P =ur([= 3 Ay - AT 4 (u(p]) = u(rv)) 1= vg]py) )
N k#i
P = —tr(ytoN it 4 4 LT N L 4 4L TN Lt 4y 1 oM

+ [tr(repf 1 + vitol yer (vt + 1)+
tr(vep LT 4 v Lol ) er (o @l + 1)) -

tr(pf ve)tr(ef @1 +1))er(v @ +11)],
(3,k) .
and P, are bounded quantities.
@ By taking an expectation of the above equation and using several fastidious
estimates lemmas,
dE[an (1)] . C e
— 2 < (C]A H|)E t — + C'||L||’E t)].
7 < (ClIAl+ & HI)E[an(8)] + 7 T OIEElen®)]
The proof is fulfiled by classical Gronwall inequality.
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Application to quantum state preparation

Application - Stabilization

@ Consider the case of N-qubit system . With A = alay 4+ alay. 2 AL, Vs k, k)
such that A(2,1;1,2) = A(1,2;2,1) = 1 and zeros otherwise. For each
particle we associate a free Hamlltoman H; = o7, an observation channel
L; = 0,7 and a controlled Hamiltonian l’-\Ij =0l

N
dpl =~ ilHe,p Nt + Y (o p) 07— p)Y )at
j=1
N
+Vny (pt o) + 0.7 p) —2tr(op ) py )dWJ
j=1

x = {1, 2}
2Where aJ and a; are the creation and annihilation operators respectively-for the j-th qublt
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Application to quantum state preparation

Application - Stabilization

o For the MF equation straightforward calculations in Pauli basis give us
Am — 0 E[z] — iE[y]
— \E[z] +iE[y] 0 :
MF Belavkin equation projected in Pauli basis is represented as follows:
da:t = ( — Yt — Tt + ZtE[yt})dt — \/ﬁxtztth,
dy, = (;L't —yr +u(ye)ze — zt]E[xt])dt + Ny zedWr,

dze = (= u(y)oe + yiEled] + Bl )dt + /(1 27)dWs.

(10 (0 0
pg-_ 0 0 y Pe = 0 1)’

the matrices are the equilibrium points of the MF-equation.

@ We note {pe, pg}
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Application to quantum state preparation

Application - Stabilization

@ Studying the asymptotic behavior of system.

Figure: fidelity with feedback, when u(y) := —7.6itr ([o2,v]pe) 4+ 5(1 — tr(vype))

Quantum m



Further research

Further research

@ Establish a rigorous mean-field convergence result in terms of density matrices.
@ Stable numerical scheme based on Krauss Map + Particle Methods

@ Extension of QMFG in heterogenous case — Graphon Quantum Games ?
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